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a b s t r a c t
An s-arc in a simple graph Γ is an (s+ 1)-tuple of vertices of Γ in
which every two consecutive vertices are adjacent and every three
consecutive vertices are pairwise distinct. A graphΓ is said to be 2-
arc-transitive if the automorphism group Aut(Γ ) acts transitively
on the set of 2-arcs ofΓ . It is shown that there are exactly 70 simple
connected 2-arc-transitive 4-valent graphs on no more than 512
vertices. A description of these graphs as coset graphs is given, and
some basic graph theoretical properties are computed. The list is
obtained by first determining all finite faithful amalgams of index
(4, 2), and then using a computer implementation of a small index
subgroups algorithm.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
An s-arc in a simple graph Γ is an (s + 1)-tuple of vertices of Γ in which every two consecutive
vertices are adjacent and every three consecutive vertices are pairwise distinct. A graph Γ is said
to be 2-arc-transitive if the automorphism group Aut(Γ ) acts transitively on the set of 2-arcs of Γ .
The study of 2-arc-transitive graphs has a long and fruitful history going back to the classical work
of Tutte [26] on s-arc-transitive graphs of valence 3. Several deep results concerning s-arc-transitive
graphs of higher valence can be found in more recent works (see for example [4,16–18,22,25]).
When investigating a class of graphs it is very useful if a list of small representatives of that class
is available. An example of such a list is the famous Foster’s census [2] of cubic arc-transitive graphs,
which was often used to test and pose conjectures about cubic arc-transitive graphs. Surprisingly,
Foster hand-prepared list misses only one graph of order up to 240. Understandably, as shown by
Conder and Dobcsányi [3], who used a combination of group theoretical approach and an exhaustive
E-mail address: primoz.potocnik@fmf.uni-lj.si.
0195-6698/$ – see front matter© 2008 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ejc.2008.10.001
1324 P. Potočnik / European Journal of Combinatorics 30 (2009) 1323–1336
computer search to obtain a complete list of cubic arc-transitive graphs on at most 768 vertices, more
omissions in the original Foster census occur when the order exceeds this bound.
It is the aim of this paper to obtain an analogous result for the 2-arc-transitive graphs of valence
4. The major part of the paper is devoted to the preparation of the necessary group theoretical
background. In particular, building on the work of Weiss [27], we shall determine all finite faithful 2-
transitive amalgams of index (4, 2) (see Section 2 for the relationship between arc-transitive graphs
and amalgams). Using these results and an algorithm described in [5], a complete list of all simple
connected tetravalent 2-arc-transitive graphs on up to 512 vertices is given in the last section of the
paper.
Let us mention at this point a profound difference between cubic arc-transitive and tetravalent
2-arc-transitive graphs on one side and tetravalent arc-transitive but not 2-arc-transitive graphs on
the other side. While the order of the automorphism group in the first family is bounded above
by a constant times the order of the graph, no such bound exists for the second family (see [7]).
This fact suggests that completely different methods should be used to analyse general tetravalent
arc-transitive graphs. An approach to arc-transitive but not 2-arc-transitive tetravalent graphs was
suggested recently in [19,20].
This paper is a part of an ongoing project whose goal is to systematically study the tetravalent
edge-transitive graphs, conducted by Steve Wilson, Northern Arizona University, and the author of
the present paper (see [28] for more information). I am grateful to Steve Wilson for many fruitful
discussions on this topic. I would also like to thank Prof. Marston Conder for his help.
2. Preliminaries
2.1. Concerning graphs
Amongmany formal definitions of a graphwhich are commonly used in the literature, the following
will be most convenient for us: a graph is an ordered triple Γ = (V , E, ∂), where V = V (Γ ) is a non-
empty set of vertices, E = E(Γ ) is a set of edges, and ∂ is a function from E to V (2) = {{u, v} : u, v ∈
V , u 6= v}, assigning a pair of endpoints to every edge of Γ . Thus our graphs are allowed to have
multiple edges (that is, edges with the same pair of endpoints), but no loops. When Γ is simple, the
elements of E may be identified with their ∂-images in V (2), and so a simple graph can be defined
simply as a pair (V , E)where E ⊆ V (2).
For a vertex v ∈ V (Γ ) and a positive integer i, we let Γi(v) denote the set of all vertices of Γ at
distance at most i from v, andwe letΓ (v) = Γ1(v)\{v} be the neighbourhood of v. The set of all edges
ewith v ∈ ∂(e)will be denoted by EΓ (v).
If s is a positive integer, then an s-arc in a graph Γ = (V , E, ∂) is a sequence
(v0, e1, v1, . . . , vs−1, es, vs), where ei ∈ E, vi ∈ V , ∂(ei) = {vi−1, vi} for every i ∈ {1, . . . , s}, and
ei 6= ei+1 for every i ∈ {1, . . . , s− 1}. If Γ is simple, the edges ei may be omitted from the notation of
an s-arc. A 1-arc is also called an arc.
An automorphism of a graphΓ = (V , E, ∂) is a permutation g ∈ Sym(V∪E) preserving each of the
sets V and E and satisfying ∂(eg) = ∂(e)g for every e ∈ E. Again, if Γ is simple, then an automorphism
of Γ will be viewed simply as a permutation on V . Let G be a subgroup of the automorphism group
Aut(Γ ). If G acts transitively on V , E, the set of arc, or on the set of all s-arcs (assuming there is at
least one such s-arc), then Γ is said to be G-vertex-transitive, G-edge-transitive, G-arc-transitive, or
(G, s)-arc-transitive, respectively. If Γ is (G, s)-arc-transitive but not (G, s+ 1)-arc-transitive, then it
is exactly (G, s)-arc-transitive. If G = Aut(Γ ), then the prefix Gmay be omitted from this notation.
2.2. Concerning groups and amalgams
If V is a non-empty set, then the group of all permutations on V will be denoted by Sym(V ). For
g ∈ Sym(V ) and v ∈ V , the g-image of v is denoted by vg . If H and K are subgroups of G, then we let
the corresponding sets of cosets and double cosets be the sets G/H = {Hg : g ∈ G} and K \ G/H =
{KgH : g ∈ G}, respectively. If G ≤ Sym(V ), v ∈ V , andΩ ⊆ V , then we let Gv = {g ∈ G : vg = v},
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GΩ = {g ∈ G : ug ∈ Ω for every u ∈ Ω}, and G(Ω) = {g ∈ G : ug = u for every u ∈ Ω} be the
vertex-stabiliser of v, the set-wise stabiliser ofΩ , and the point-wise stabiliser ofΩ , respectively. Also,
ifΩ is a union of orbits of G, thenwe let GΩ denote the permutation group onΩ induced by the action
of G onΩ . Observe that the kernel of this action is precisely the group G(Ω). For two group elements
x, y, the notation [x, y] = x−1y−1xy and xy = y−1xy is used throughout the paper.
By an amalgam we mean a 5-tuple (L, ϕ, B, ψ, R) where L, B, and R are groups, and ϕ: B → L
and ψ: B → R are monomorphisms. Amalgams are usually given by means of an ambient group G,
containing L and R as subgroups in such away that B = L∩R, and ϕ andψ are the inclusionmappings.
In this case we simplify the notation and write (L, B, R) instead of (L, ϕ, B, ψ, R).
Let A = (L, ϕ, B, ψ, R) be an amalgam. The index of A is defined to be the pair of indices ([L :
Bϕ], [R : Bψ ]). The amalgam A is called faithful if for every normal subgroup N C B, Nϕ is not normal
in L or Nψ is not normal in R. The amalgam Awill be called 2-transitive if the action of L on the cosets
of Bϕ ≤ L by multiplication is doubly transitive. Finally, A is finite if the groups L and R are both finite.
If Ai = (Li, ϕi, Bi, ψi, Ri), for i = 1, 2, are amalgams, then a triple f = (α, β, γ ) of homomorphisms
α: L1 → L2, β: B1 → B2, and γ : R1 → R2, is a morphisms of amalgams whenever ϕ1α = βϕ2 and
ψ1γ = βψ2. Such a homomorphism of amalgams ismonomorphism (resp. isomorphism) whenever all
the homomorphisms α, β, γ are monomorphisms (resp. isomorphisms).
A completion of an amalgam A = (L, ϕ, B, ψ, R) is a triple (ν,G, µ)whereG is a group and ν: L→ G
and µ: R → G are homomorphisms satisfying ϕν = ψµ, and G = 〈Lν, Rµ〉. If both ν and µ are
monomorphisms, we shall call the corresponding completion smooth. A completion is finite if the
corresponding group G is finite. If (νi,Gi, µi) is a completion of Ai = (Li, ϕi, Bi, ψi, Ri), for i = 1, 2,
then a pair (ι, f ) of an amalgam morphism ι = (α, β, γ ): A1 → A2 and a group homomorphism
f :G1 → G2 is a morphism of completions whenever αν2 = ν1f and γµ2 = µ1f . A morphism (ι, f )
of completions is an epimorphism (resp. isomorphism) whenever both ι and f are epimorphisms (resp.
isomorphisms). A completion C◦ of an amalgam is universal if for every other completion C of the
same amalgam there exists an epimorphism from C◦ onto C . A universal completion of an amalgam A
(which is clearly unique up to isomorphism) will be denoted by C◦(A).
A standard way of constructing the universal completion of an amalgam is to use the free product
with amalgamation, which can be shortly described as follows. Let the groups B = 〈XB | YB〉,
L = 〈X ′L | Y ′L〉, and R = 〈X ′R | Y ′R〉 of an amalgam A = (L, ϕ, B, ψ, R) be given in terms of generators
and relators. We may assume without loss of generality that the sets of generators XB, X ′L, and X
′
R are
pairwise disjoint. Let XL = X ′L ∪ XB and XR = X ′R ∪ XB, let YL = Y ′L ∪ YB ∪ {x−1xϕ : x ∈ XB} (where x−1
is treated as a one letter word on XB ∪ X−1B , and xϕ is treated as the word on X ′L ∪ X ′L−1 representing
the ϕ-image of the element x ∈ B), and let YR be defined analogously. Then the free product of L and
R amalgamated over B is the group
L ∗B R = G◦ = 〈XL ∪ XR | YL ∪ YR〉. (1)
Observe that the subgroups of G◦ generated by XL, XR, and XB = XL ∩ XR, are isomorphic to the groups
L, R, and B, respectively, in a natural way. Thus we may view the groups L, R, and B as subgroups of
G◦ in such a way that B = L ∩ R, and that ϕ and ψ are the corresponding inclusion mappings. It is
now easy to see that the completion C◦ = (ν◦,G◦, µ◦), where ν◦: L → G◦ and µ◦: R → G◦ are the
inclusion mappings, is a universal completion of the amalgam A.
This discussion has shown that every (finite) amalgam A can be given in terms of a (finitely)
presented group G◦ = 〈X | Y 〉 and subsets XL, XR ⊆ X such that the groups L = 〈XL〉, R = 〈XR〉,
and B = 〈XL ∩ XR〉, together with the corresponding inclusion mappings ιL: B → L and ιR: B → R
determine an amalgam (L, ιL, B, ιR, R) = (L, B, R), isomorphic to A. If an amalgam is given in this way,
we shall say that it is given in terms of the universal group G◦.
2.3. Concerning the relationship between graphs and amalgams
Let us now explain the relationship between graphs and amalgams. Let Γ be a connected k-valent
graph, and let G be an arc-transitive group of automorphisms of Γ . For an arc Ee = (u, e, v) of Γ , let
Ee−1 = (v, e, u) be its inverse arc. Further, letGu,GEe, andGe denote the stabilisers of v, Ee, and e inG. Then
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A(Γ ,G) = (Gu,GEe,Ge) is an amalgam. Suppose now that G is arc-transitive. Then Ge acts transitively
on the set {Ee, Ee−1}, and GEe is the stabiliser of a point in this action. Hence [Ge : GEe] = 2. Similarly, Gu
acts transitively on EΓ (u) with a point stabiliser GEe, and so [Gu : GEe] = |EΓ (u)| = k. Hence A(Γ ,G)
has index (k, 2).
SinceΓ is connected, it follows that 〈Gu,Ge〉 = G, implying that the inclusionmappings ν:Gu → G
andµ:Ge → G determine a smooth completion C(Γ ,G) of A(Γ ,G). Also, since G acts faithfully on the
arcs of Γ , the group GEe is core-free in G, and consequently, none of the non-trivial subgroups of GEe is
simultaneously normal in Gu and Ge. The amalgam A(Γ ,G) is therefore faithful. Finally, in view of arc-
transitivity ofG, different choices of arcs Ee give rise to isomorphic completions (with the isomorphisms
induced by inner automorphisms of G). Therefore each pair (Γ ,G), where Γ is a connected, k-valent,
G-arc-transitive graph, gives rise to a unique (up to isomorphism) faithful amalgam A(Γ ,G) of index
(k, 2), and a unique smooth completion C(Γ ,G) of A(Γ ,G). The isomorphism class of the amalgam
A(Γ ,G)will be called the amalgam type of (Γ ,G)
Conversely, suppose that C = (ν,G, µ) is a smooth completion of a faithful amalgam A = (L, B, R)
of index (k, 2), and assume (without loss of generality) that L, R ≤ G and thatµ and ν are the inclusion
mappings. Define the graph of the completion C , denoted by Γ = Γ (C, A), to be the graph whose
vertex-set is G/L, whose edge-set is G/R, and where Lg ∈ ∂(Rh) (for g, h ∈ G) whenever Lg ∩ Rh 6= ∅.
(Observe that Γ is simple if and only if we have ∩g∈R Lg = B.) The right multiplication of G on G/L
and G/R clearly commutes with ∂ , and so every element of G induces an automorphism of Γ . By
faithfulness of the amalgam A, this action of G on the arcs of Γ is faithful, and so we may view G
as a subgroup of Aut(Γ ). The requirement 〈L, R〉 = G implies that Γ is connected. Finally, we invite
the reader to check that A = A(Γ ,G) and C = C(Γ ,G).
The above two paragraphs can be summarised as follows:
Lemma 1. For a given faithful amalgam A of index (k, 2), the mapping C → Γ (C, A) induces a bijective
correspondence between isomorphism classes of smooth completion C of A and isomorphism classes of
connected, k-valent, G-arc-transitive graphs Γ for which the amalgam type of (Γ ,G) is A.
A fundamental result in the theory of amalgams reveals the following relation between universal
completions of amalgams and arc-transitive groups acting on infinite trees (see [24, Section 4], for
example):
Lemma 2. Let A be a faithful amalgam of index (k, 2), and let C be a completion of A. Then Γ (C, A) is an
infinite k-valent tree if and only if C is a universal completion of A.
The second fundamental observation explains the meaning of 2-transitive amalgams:
Lemma 3. Let A be a faithful amalgam of index (k, 2), and let C = (ν,G, µ) be a smooth completion of
A. Then Γ (C, A) is (G, 2)-arc-transitive if and only if A is 2-transitive.
Proof. It is well known (and easy to see) that aG-vertex-transitive graph is (G, 2)-arc-transitive if and
only if Gv acts (by right multiplication) doubly transitively on the cosets of Gu/Ge for any edge ewith
an endpoint u. The result then follows directly from the definition of 2-transitivity of amalgams. 
3. Finite faithful 2-transitive amalgams of index (4, 2)
Finite faithful amalgams of index (4, 2) can be divided into three cases, depending on the
permutation group LB induced by the natural action of the group L on the cosets L/B bymultiplication.
(i) If LB is regular, that is, LB ∼= C4 or C2 × C2, then the assumed faithfulness of the amalgam implies
that B = 1, and hence L ∼= C4 or C2 × C2. This gives rise to two amalgams, which will be called
regular.
(ii) The amalgams for which LB is the dihedral group D4 were considered and determined by
Djoković [7]. We shall call these amalgams to be of dihedral type. This family of amalgams is
infinite.
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Table 1
Finite faithful 2-transitive amalgams of index (4, 2).
Name G = L ∗B R
A4s G = 〈x, y, s, a | x2, y2, s3, a2, [x, y], xs = y, ys = xy, sa = s−1〉
L = 〈x, y, s〉 ∼= A4, B = 〈s〉 ∼= C3, R = 〈s, a〉 ∼= S3
A4x G = 〈x, y, s, a | x2, y2, s3, a2, [x, y], xs = y, ys = xy, [s, a]〉
L = 〈x, y, s〉 ∼= A4, B = 〈s〉 ∼= C3, R = 〈s, a〉 ∼= C3 × C2
S4 G = 〈x, y, s, t, a | x2, y2, s3, t2, a2, [x, y], st = s−1, xs = y, ys = xy, xt = y, [s, a], [t, a]〉
L = 〈x, y, s, t〉 ∼= S4, B = 〈s, t〉 ∼= S3, R = 〈s, t, a〉 ∼= S3 × C2
C3×A4 G = 〈x, y, c, d, a | x2, y2, c3, d3, a2, [x, y], [c, d], [c, x], [c, y], xd = y, yd = xy, ca = d〉
L = 〈x, y, c, d〉 ∼= C3 × A4, B = 〈c, d〉 ∼= C23 , R = 〈c, d, a〉 ∼= C23 o C2
C3 o S4 G = 〈x, y, c, d, t, a | x2, y2, c3, d3, t2, a2, [x, y], [c, d], [c, x], [c, y], ct = c−1, dt = d−1, xd = y, yd = xy, xt = y,
ca = d, [a, t]〉
L = 〈x, y, c, d, t〉 ∼= C3 o S4, B = 〈c, d, t〉 ∼= C23 o C2, R = 〈c, d, t, a〉 ∼= C23 o C22
C3oS∗4 G = 〈x, y, c, d, t, a | x2, y2, c3, d3, t2, a2 = t, [x, y], [c, d], [c, x], [c, y], ct = c−1, dt = d−1, xd = y, yd = xy,
xt = y, ca = d, da = c−1〉
L = 〈x, y, c, d, t〉 ∼= C3 o S4, B = 〈c, d, t〉 ∼= C23 o C2, R = 〈c, d, t, a〉 ∼= C23 o C4
S3× S4 G = 〈x, y, c, d, r, s, a | x2, y2, c3, d3, r2, s2, a2, [x, y], [c, d], [r, s], [c, x], [c, y], cr = c−1, [d, r], [c, s], ds = d−1,
xd = y, yd = xy, xs = y, [r, x], [r, y], ca = d, sa = r〉
L = 〈x, y, c, d, r, s〉 ∼= S3 × S4, B = 〈c, d, r, s〉 ∼= S23 , R = 〈c, d, r, s, a〉 ∼= S23 o C2
4-AT G = 〈t, c, d, e, x, y, a | t2, c3, d3, e3, x2, y2, a2, [c, d], [c, e], [d, e] = c, [x, y], (cx)2, (dx)2,
[e, x], (cy)2, [d, y], (ey)2, ct = d−1, y(et)2e−1te−1, (et)4x, (ca)2, da = e, xa = y〉
L = 〈t, x, y, c, d, e〉 ∼= AGL(2, 3), B = 〈x, y, c, d, e〉 ∼= C23 o D6, R = 〈x, y, c, d, e, a〉 ∼= (C23 o D6) o C2
7-AT G = 〈h, p, q, r, s, t, u, v, k, a | h4, p3, q3, r3, s3, t3, u3, v2, k2, a2, kh2, [p, q], [p, r], [p, s], [p, t], [p, u], [q, r], [q, s],
[q, t], [q, u], [r, s], [r, t], [u, s], [s, t] = p, [u, r] = q, [t, u] = qrsp−1, [k, v], (tk)2, (rk)2, [p, k], (qk)2, (sk)2, [u, k],
(tv)2, [r, v], (pv)2, (qv)2, [s, v], (uv)2, [p, h], qh = q−1r, rh = qr, sh = pq−1r−1s−1t−1,
th = p−1qr−1s−1t, (huv)2, (hu)3, pa = q−1, ra = s−1, ta = u−1, [v, a], ka = vk〉
L = 〈h, p, q, r, s, t, u, v, k〉, B = 〈p, q, r, s, t, u, v, k〉, R = 〈p, q, r, s, t, u, v, k, a〉
(iii) If neither (i) nor (ii) holds, then the group LB is one of the two doubly transitive groups of degree
4, that is, A4 or S4. We shall call such amalgams 2-transitive. These amalgams correspond to the
pairs (Γ ,G)where the group G acts transitively on 2-arcs of Γ .
Finite faithful 2-transitive amalgams of index (4, 2) were considered by Weiss [27], who showed
that there is at most finitely many of them, and determined the two with the largest group L.
Unfortunately, no explicit descriptions of the other amalgams can be found in the literature. In the
remainder of the section we shall finish this work and prove Theorem 4.
Each of the amalgams in Table 1 is given in terms of the universal group G = L ∗B R. Moreover,
the presentation 〈X | Y 〉 for G is chosen in such a way that L ∼= 〈XL | YXL〉, R ∼= 〈XR | YXR〉, and
B ∼= 〈XL ∩ XR | YXL∩XR〉, where the symbol YZ (for Z ⊆ X) represents the set of all those relators in Y
which are words over Z ∪ Z−1. Even though such a representation is not the shortest possible, it has
a nice feature that it gives explicit presentations for the subgroup L, R, and B.
Theorem 4. Each finite faithful 2-transitive amalgam of index (4, 2) is isomorphic to one of the nine
amalgams (L, B, R) in Table 1.
Before proving the theorem above, we need to review some further facts about amalgams. Let
ϕi:Hi → Gi, i = 1, 2, be two homomorphisms of groups, and suppose that α:H1 → H2 and
β:G1 → G2 are isomorphisms such that αϕ2 = ϕ1β . Then we say that ϕ1 and ϕ2 are isomorphic
via (α, β) and write ϕ1 ∼= ϕ2.
Two amalgams (Li, ϕi, Bi, ψi, Ri), i = 1, 2, are similar (or also ‘‘of the same type’’ — see [14])
whenever ϕ1 ∼= ϕ2 and ψ1 ∼= ψ2. If two amalgams are similar, they are not necessarily isomorphic
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(see [15, Example 2.2.2]). It can even happen that one of a pair of similar amalgams is faithful while
the other is not. Such a situation will be encountered in the proof of Theorem 4. However, given an
amalgam A = (L, ϕ, B, ψ, R), a complete set of isomorphism classes of amalgams similar to A can be
determined using the following lemma of Goldschmidt [14, (2.7)] (see also [15, Lemma 2.2.1]):
Lemma 5. Let (L, ϕ, B, ψ, R) be an amalgam, and assume that B = L ∩ R and that ϕ and ψ are
the corresponding inclusion mappings. Let AL and AR be the largest subgroups of Aut(L) and Aut(R),
respectively, preserving B. If {β1, . . . , βr} is a complete set of representatives of the double cosets AL \
Aut(B)/AR = {ALβAR : β ∈ Aut(B)}, then each amalgam which is similar to (L, ϕ, B, ψ, R), is isomorphic
to exactly one of the amalgams (L, ϕ, B, βiψ, R), i ∈ {1, . . . , r}.
Now letP be an invariant of amalgams (that is, a property of amalgams for which A1 ∼= A2 implies
P (A1) = P (A2)), such as 2-transitivity. In order to determine all amalgams with the propertyP , one
can proceed as follows:
(1) Determine the set B of all the groups B (up to isomorphism) for which there is an amalgam
(L, ϕ, B, ψ, R)with the property P ;
(2) For each B ∈ B, determine the set L of all monomorphisms (up to isomorphism) ϕ: B → L for
which there is an amalgam (L, ϕ, B, ψ, R)with the property P ;
(3) For each (ϕ: B → L) ∈ L, determine the set Rϕ of all monomorphisms (up to isomorphism)
ψ: B→ R for which the amalgam (L, ϕ, B, ψ, R) has the property P ;
(4) For each pair ϕ ∈ L, ψ ∈ Rϕ , use Lemma 5 to find all the amalgams which are similar to
(L, ϕ, B, ψ, R), and discard those which do not have the property P .
The strategy for finding all finite faithful 2-transitive amalgams of index (4, 2) should nowbe clear.
By Lemmas 2 and 3, every such amalgam arises as a triple (Gu,GEe,Ge) where G is a 2-arc-transitive
group of automorphisms of an infinite 4-valent tree Γ , u is a vertex of Γ , e is an edge incident to u
(that is ∂(e) = {u, v} for some v), Ee = (u, e, v), and the group Gu is finite. Hence the crucial step
in the proof of Theorem 4 is the analysis of 2-arc-transitive groups of automorphisms of a tetravalent
treewith finite vertex-stabilisers. Such groupswere analysed in several works of Gardiner,Weiss, and
Djoković [6,10–13,27]. We will now summarise some of the facts proven there.
Throughout this section, we let the symbols Γ , G, u, and v have the same meaning as described
above, that is, let Γ be an infinite 4-valent tree, let u and v be two adjacent vertices of Γ , and let G be
a 2-arc-transitive subgroup of Aut(Γ ) for which the vertex-stabiliser Gu is finite. Moreover, for every
x ∈ V (Γ ), we let Kx = G(Γ (x)) ≤ Gx be the kernel of the action of Gx on the neighbourhood Γ (x), and
reserve the symbol T to denote the kernel Ku ∩ Kv of the action of Guv on (Γ (u) ∪ Γ (v)) \ {u, v}.
Lemma 6. Let Γ , G, u, v, Ku, Kv , and T be as above. Then the following statements hold:
(i) Guv is a maximal subgroup of Gu;
(ii) Either Ku = 1, or Ku acts transitively on Γ (v) \ {u} in which case [Ku : T ] is divisible by 3 but not
by 32;
(iii) Suppose Ku is non-trivial, and let P be a Sylow 3-subgroup of Guv . Then the following statements hold:
(a) P is a Sylow 3-subgroup of Gu,
(b) Guv is the normaliser of P in Gu,
(c) G{u,v} = P o Q for some 2-group Q ≤ G{u,v}.
(iv) The group T is either trivial, or a 3-group.
(v) If T 6= 1, then |T | ∈ {3, 34}, and Gu ∗Guv G{u,v} is one of the two groups R4,4, R4,7 described in [27,
Theorem 1.1].
Proof. Part (i) follows from the fact that Guv is a point stabiliser in a doubly transitive (and therefore
primitive) action of Gu on Γ (u).
To prove (ii), observe that, since Guv acts transitively on Γ (v) \ {u}, and since Ku C Guv , the orbits
of Ku on Γ (v) \ {u} are all of the same size, and therefore either of size 1 or 3. In the former case, we
have Ku ≤ Kv , and since Ku and Kv are conjugate in G{u,v} (via an element mapping the arc (u, v) to
the arc (v, u)), we have Ku = Kv . But then, by connectivity of Γ , Ku = 1. We may therefore assume
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that Ku is transitive on Γ (v) \ {u}. To finish the proof of (ii), observe that the kernel of the action of Ku
on Γ (v) \ {u} is Ku ∩ Kv = T , and so the group Ku/T can be viewed as a transitive subgroup of S3.
Let us now prove (iii): Suppose that Ku 6= 1, let P be a Sylow 3-subgroup of 〈Ku, Kv〉 C Guv ,
and consider the permutation groups induced by the actions of Guv , Ku, Kv , and 〈Ku, Kv〉 on Ω =
(Γ (u) ∪ Γ (v)) \ {u, v}. Observe that the kernels of these actions are all equal to T . Moreover, the
permutation group GΩuv ∼= Guv/T contains a subgroup 〈Ku, Kv〉Ω ∼= KΩu × KΩv , and so by (ii), the order
of GΩuv is divisible by 3
2. On the other hand, GΩuv may be viewed as a subgroup of S3×S3 (where the two
factors S3 represent the full symmetric groups on the sets Γ (u) \ {v} and Γ (v) \ {u}, respectively),
and so 3 occurs in |GΩuv| exactly in the second power. But then [Guv : 〈Ku, Kv〉] = [GΩuv : 〈Ku, Kv〉Ω ]
is coprime with 3, and so P is a Sylow 3-subgroup of Guv . Also, since [Gu : Guv] = 4, P is a Sylow
3-subgroup of Gu.
We will show that P is normal in 〈Ku, Kv〉: If T is non-trivial, then this follows from [10, Lemmas
3.6, 3.7, 3.8]. If T = 1, then 〈Ku, Kv〉 ∼= Ku × Kv , and by (ii), P = Pu × Pv where Pu ∼= Pv ∼= C3 are
Sylow p-subgroups of Ku and Kv , respectively. But we have either Ku = Pu ∼= C3 or Ku ∼= S3. In both
cases, Pu is normal in Ku, and so P is normal, and therefore characteristic in Ku × Kv = 〈Ku, Kv〉, as
claimed. Since 〈Ku, Kv〉 is normal in Guv and in G{u,v}, it follows that P is normal in Guv and in G{u,v}.
Moreover, since [G{u,v} : P] is a power of 2, P has a complement Q in G{u,v}, which is a 2-group. Now,
let N(P) be the normaliser of P in Gu. It remains to show that N(P) = Guv . We know that Guv ≤ N(P),
hence, in view of Part (i), it suffices to exclude the possibility P C Gu. But the latter would imply that
P ≤ coreGu(Guv) = Ku, which contradicts Part (ii). Hence N(P) = Guv , as claimed.
Parts (iv) and (v) follow directly from [10, Corollary 2.3] and [27, Theorem 1.1]. 
Remark. Most of the above results can be found in the existing literature in a more general form.
An interesting fact, that has not yet appeared elsewhere (and which we state without a proof), is the
following: Part (iii) holds for graphs of arbitrary valency 1+ p, p a prime (with 3 substituted with p in
the statement of the result), with possible exceptions occurring only when GΓ (u)u ∼= A1+p or S1+p for
p ≥ 3, or p = 23 and GΓ (u)u ∼= M24, or p = 11 and either GΓ (u)u ∼= M12 or GΓ (u)u ∼= M11.
Note that, in view of Part (iii) of Lemma 6, the steps (1) and (2) of the procedure outlined at the
beginning of this section, are reduced to the task of finding a complete set of abstract groups Lwhich
can occur as a vertex stabiliser in a group G. Since the normalisers of all Sylow p-subgroups of a given
group are conjugate in that group, there will be (up to isomorphism of group homomorphisms), for
each such L ∼= Gu, a unique admissible monomorphism ϕ: B → L (namely, the embedding of the
normaliser of a Sylow 3-subgroup of L into L). This task can be simplified further if we observe the
following (for the proof, see [23, 13.5.8 and Exercise 13.5]):
Lemma 7. If H is a group isomorphic to one of the groups S3, S4, and S3 × S4, then H is complete (that is,
with trivial centre and trivial outer automorphism group). Consequently, if H C G, then H is a direct factor
of G.
We are now ready to prove Theorem 4.
Proof of Theorem 4. Let A be a finite faithful 2-transitive amalgam of index (4, 2). In view of
Lemmas 2 and 3, A is isomorphic to an amalgam (Gu, ϕ,Guv, ψ,G{u,v}) where G is a 2-arc-transitive
group of automorphisms of an infinite 4-valent tree Γ , u, v is a pair of adjacent vertices of Γ , and ϕ
and ψ are the inclusion mappings. Moreover, since A is finite, the groups Gu, Guv , and G{u,v} are all
finite. Let Ku, Kv and T = Ku ∩ Kv have the meaning described in the paragraph preceding Lemma 6,
and recall that T is the kernel of the action of Guv on the set (Γ (u)∪Γ (v))\{u, v}. In particular, Guv/T
is isomorphic to a subgroup of S3 × S3, where the two factors S3 represent the full symmetric groups
on Γ (v) \ {v} and Γ (u) \ {u}, respectively. Also, by 2-arc-transitivity of G, we have that GΓ (u)u ∼= A4 or
S4.
Consider an arbitrary element a ∈ G{u,v} \ Guv . Since a swaps the vertices u and v, the conjugation
by a swaps the kernels Ku and Kv . In particular, Ku ∼= Kv . Moreover, since both Ku and Kv are normal
in Guv = Gu ∩ Gv , and since G{u,v} = 〈Guv, a〉, we see that 〈Ku, Kv〉 is normal in G{u,v}.
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We split the analysis into three cases: (1) Ku is trivial; (2) Ku is not trivial, but T is trivial; (3) T is
not trivial. In each of these cases, we shall follow the strategy outlined at the beginning of this section,
with Part (iii) of Lemma 6 in mind.
Case 1: Ku = 1. Then Gu ∼= GΓ (u)u ∼= A4 or S4. Suppose first that Gu ∼= A4 ∼= 〈x, y, s |
x2, y2, s3, [x, y], xs = y, ys = xy〉 = L. Then Guv and 〈s〉 are self-normalising Sylow 3-subgroups of
Gu and L, respectively, implying that the homomorphism ϕ:Guv → Gu is isomorphic to the inclusion
mapping B = 〈s〉 → L. On the other hand, the group B ∼= C3 admits two 2-extensions B → R,
namely the inclusion mappings 〈s〉 → R ∼= 〈s, a | s3, a2, [s, a]〉 ∼= C3 × C2, and 〈s〉 → R ∼= 〈s, a |
s3, a2, sa = s−1〉 ∼= S3. Note that these two extensions, together with the abovemapping ϕ, determine
the amalgams A4s and A4x from Table 1. Finally, observe that the only non-trivial automorphism of B
extends to the outer automorphism of A4. In view of Lemma 5, we may therefore conclude that these
are the only amalgams arising in the case where Gu ∼= A4.
If Gu ∼= S4 ∼= 〈x, y, s, t | x2, y2, s3, t2, [x, y], st = s−1, xs = y, ys = xy, xt = y〉 = L, the normaliser
of the Sylow 3-subgroup 〈s〉 of L is B = 〈s, t〉 ∼= S3, and so ϕ:Guv → Gu is isomorphic to the inclusion
mapping 〈s, t〉 → L. Since S3 ∼= B C R, it follows from Lemma 7 that there exists only one possible
2-extension B → R, namely the one given by R = B × 〈a | a2〉. Moreover, since S3 admits no outer
automorphisms, Lemma 5 implies that the only amalgam arising in this subcase is the amalgam S4
from Table 1. This concludes Case 1.
Case 2: Ku 6= 1, T = 1. Let us first make a few important observations: Since T is trivial, we
have 〈Ku, Kv〉 ∼= Ku × Kv , and so the group Guv contains a normal subgroup isomorphic to Ku × Kv .
Furthermore, Guv acts faithfully on the set (Γ (u)∪Γ (v))\ {u, v}, and can therefore be identified with
a subgroup of S3 × S3 in such a way that Ku is identified with a subgroup of S3 × {1} and Kv with a
subgroup of {1} × S3. Since, in view of Part (ii) of Lemma 6, we have Ku ∼= C3 or S3, it follows that
C3 × C3 ≤ Guv ≤ S3 × S3.
Assume first that Ku ∼= S3. Then Gu/Ku ∼= GΓ (u)u ∼= S4. By Lemma 7, Gu ∼= Ku × (Gu/Ku). Hence
Gu ∼= S3× S4. The Sylow 3-subgroup P of Gu is then isomorphic to 〈c, d | c3, d3, [c, d]〉 ∼= C3× C3, and
its normaliser in Gu is the group Guv ∼= 〈r, c | r2, c3, (cr)2〉 × 〈s, d | s2, d3, (ds)2〉 ∼= S3 × S3. Hence
the monomorphism Guv → Gu is isomorphic to the embedding of B into L given in Row ‘‘S3 × S4’’ of
Table 1. By Part (iii) of Lemma 6, we see that G{u,v} ∼= P o Q where Q is a group of order 8 containing
the complement 〈r, s〉 of P in Guv as a subgroup of index 2. Since G{u,v} contains an element switching
u and v, and since c ∈ Ku and d ∈ Kv , it follows that (after substituting d with d−1 if necessary) the
conjugation by an appropriate element a ∈ Q \ 〈r, s〉 maps c to d, and d to c or c−1. By taking ar
instead of a, we may assume that a2 = 1, da = c , and hence Q ∼= 〈r, s, a | r2, s2, a2, [r, s], ra = s〉
and ca = d. It follows that the embedding Guv → G{u,v} is isomorphic to the monomorphism B→ R
in Row ‘‘S3× S4’’ of Table 1, and so the amalgam A is similar to the amalgam S3× S4. Finally, note that
the outer automorphism group of Guv ∼= S3 × S3 has order 2, and is in fact induced by conjugation
with a ∈ G{u,v} \ Guv . Hence, every automorphism of Guv extends to an automorphism of G{u,v}, and
so, by Lemma 5, the amalgam A is isomorphic to the amalgam S3 × S4 from Table 1.
We may now assume that Ku ∼= C3. Then either Guv = Ku × Kv ∼= C3 × C3, or Guv is an index-2
subgroup of S3 × S3 generated by Ku × Kv ∼= C3 × C3 and an element t of order 2. Moreover, since
both Ku and Kv are normal in Guv , the element t generates with each of them a symmetric group S3,
and thus acts (by conjugation) on Ku × Kv by inverting the elements. (Note that the group Guv has a
trivial centre in this case.) We may therefore assume that one of the following two cases occurs:
(i) Guv = 〈c, d | c3, d3, [c, d]〉, Ku = 〈c〉, Kv = 〈d〉;
(ii) Guv = 〈c, d, t | c3, d3, t2, [c, d], ct = c−1, dt = d−1〉, Ku = 〈c〉, Kv = 〈d〉.
Note that B/Ku ∼= GΓ (u)uv ∼= (GΓ (u)u )v , and so GΓ (u)u ∼= A4 if (i) occurs, while GΓ (u)u ∼= S4 if (ii) occurs.
Furthermore, the Sylow 3-subgroup P ofGuv is isomorphic to C3×C3. In particular, P splits over Ku, and
so, in view of the result of Gaschütz [9], Ku has a complement in Gu. Hence Gu ∼= KuoGΓ (u)u . If (i) holds,
then Gu ∼= C3 × A4. On the other hand, if (ii) holds, then we have either Gu ∼= C3 × S4 or Gu ∼= C3 o S4
(where the centraliser of Ku ∼= C3 in S4 is A4). The former possibility is in contradiction with the fact
that the group Guv ∼= (Ku × Kv) o C2 has a trivial centre. We have thus shown that Gu ∼= C3 × A4 if
(i) occurs, and Gu ∼= C3 o S4 if (ii) occurs. In particular, the embedding Guv → Gu is isomorphic to the
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embedding B→ L given in Row ‘‘C3 × A4’’ (in the case of (i)), or in Rows ‘‘C3 o S4’’ and ‘‘C3 o S∗4 ’’ (in
the case of (ii)).
Let us now turn our attention to the embedding Guv → G{u,v}. By Part (iii) of Lemma 6 we know
that P C G{u,v} and G{u,v} = P o Q where Q has order 2 or 4 (depending on whether (i) or (ii) occurs).
In both cases, we have G{u,v} = 〈Guv, a〉 for some a ∈ G{u,v} which swaps the vertices u and v, and thus
swaps (via conjugation) the subgroups 〈c〉 and 〈d〉 of Guv . By substituting d with d−1 if necessary, we
may therefore assume that ca = d and da ∈ {c, c−1}.
If (i) occurs, then Guv = P , |Q | = 2, and so a2 = 1. In particular, G{u,v} = 〈c, d, a |
c3, d3, a2, [c, d], ca = d〉, and the embedding Guv → G{u,v} is isomorphic to the embedding B → R
from Row ‘‘C3 × A4’’ of Table 1. In particular, A is similar to the amalgam C3 × A4.
If (ii) occurs, then Guv = 〈c, d〉 o 〈t〉 where ct = c−1 and dt = d−1. As for the element a, we have
either a2 = t and Q = 〈t〉 ∼= C4, or a2 = 1 and Q = 〈a, t〉 ∼= C2 × C2. In the first case, the embedding
is isomorphic to the embedding B→ R from Row ‘‘C3o S∗4 ’’, and in the second case, to the embedding
B → R from Row ‘‘C3 o S4’’. In particular, the amalgam A is similar to the amalgam C3 o S4 or the
amalgam C3 o S∗4 from Table 1.
To finish Case 2, it remains to determine all the amalgams which are similar but not isomorphic to
one the three amalgams C3 × A4, C3 o S4, and C3 o S∗4 . In view of Lemma 5, we need to consider (for
each of these amalgams) the double cosets of the pair of subgroups LB, RB in Aut(B) (where LB and RB
are as in Lemma 5). Since the groups L, B, R are rather small, we leave the details of the computations
to the reader, and only summarise the results (note also that the computations can be easily carried
out by a suitable computer package).
In the case of the amalgam C3 × A4, we have B ∼= 〈c, d | c3, d3, [c, d]〉, and so Aut(B) ∼= GL(2, 3).
The normalisers LB and RB of B in Aut(L) and Aut(R) are of orders 12 and 4, respectively, and they
intersect in a subgroup of order 2. Hence, the double coset LBRB has size 24. Besides this one, there
are two more double cosets, each of size 12, and their representatives (defined by the action on the
generators c and d of B) are β1: (c, d) 7→ (cd, d), and β2: (c, d) 7→ (cd−1, d). The corresponding two
amalgams are thus (L, ιL, B, βiιR, R), for i = 1, 2, where ιL and ιR are the inclusion monomorphisms.
Observe however, that the image of the subgroup 〈c〉 ≤ B in L and R via ιL and βiιR is normal in L and
R, respectively. Hence these two amalgams are not faithful.
In the case of amalgams C3 o S4, and C3 o S∗4 , we have B ∼= 〈c, d, t | c3, d3, t2, [c, d], (ct)2, (dt)2〉,
and so Aut(B) is isomorphic to the group Hol(Z23) = AGL(2, 3) of order 9 · 48. The group LB has order
108 (in both cases), while the group RB has order 72 in the case of the amalgam C3 o S4, and has order
144 in the case of C3 o S∗4 . (It is in fact isomorphic to Z
2
3 o T ≤ AGL(2, 3)where T is the normaliser of
the subgroup of GL(2, 3) induced by the action of 〈a, t〉 on 〈c, d〉 ∼= Z23. Note that T is the full Sylow
2-subgroup in the case of C3 o S∗4 , where 〈a, t〉 ∼= C4, and is a group of order 8 in the case of C3 o S4.)
This implies the following: In case of C3 o S∗4 , we have LBRB = Aut(B), and so every amalgam which
is similar to C3 o S∗4 is in fact isomorphic to it. In case of C3 o S4, there is one more double coset
(besides LBRB). Its representative can be chosen to be β: (c, d, t) 7→ (cd, d, t) (given via its action
on the generators of B). As in the case of the amalgam C3 × A4, the amalgam obtained from β is not
faithful. This completes the proof of Case 2.
Case 3. This case was treated by Weiss in [27], where presentations for the universal completions
of the two amalgams arising from this case were also determined. The presentations given here are
slightly different (and longer) from those in [27], but have an advantage that the presentations for the
subgroups L, B, and R can be read off immediately, as explained in the remark preceding Theorem 4.
In the case of the amalgam 4-AT, it follows from [27] that Gu ∼= AGL(2, 3) ∼= Z23 o GL(2, 3). The
presentation in Table 1 was obtained by identifying the standard basis vectors of Z23 with c and d,
respectively, and letting t =
(
0 1
1 0
)
, e =
(
1 1
0 1
)
. Note that the following set of relations holds:
c3 = d3 = e3 = t2 = [c, d] = [c, e] = 1, ct = d, de = cd. (∗)
By Lemma 6, Part (iii), we have Guv = NGu(〈c, d, e〉) = 〈c, d〉 o 〈e, x, y〉 where x =
(−1 0
0 −1
)
,
y =
(−1 0
0 1
)
. Note that x = (et)4 and y = (et)2e−1te−1. It can be seen that the latter relations,
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Table 2
A complete list of connected simple 2-arc-transitive graphs with at most 512 vertices.
Γ A R
A[5, 1] A4s (xa)3
A[8, 1] A4s (xa)4, (yaxa)2
A[10, 1] A4s ysayaxaxa
A[14, 1] S4 st(ax)4
A[16, 1] A4s (xa)4
A[26, 1] 4-AT (ta)6
A[28, 1] A4s (xa)6, ysax(ay)2(ax)3
A[30, 1] A4s (xa)6, (yaxaxa)2
A[32, 1] A4s (xya)2(ya)2(xa)2
A[35, 1] C3 o S∗4 ycd2t(ax)2aya−1(xa−1)2, xtaxaya(xa−1)4
A[54, 1] A4s (xa)6, (yax)2(ay)2(ax)2
A[55, 1] A4x (xa)5, (ysaxayaxa)2
A[64, 1] A4s (xa)8, s(ax)2ayas−1y(ax)2
A[70, 1] C3 o S4 cdt(ax)6
A[84, 1] A4s (xa)6, (yaxa)3
A[91, 1] A4s (xa)6, ys2a(yaxa)3
A[91, 2] A4x (xa)7, say(ax)2(ya)2xayxay
A[110, 1] A4s ys2(ax)3s(ax)4a, y(ax)2(ay)3(ax)3
A[120, 1] A4s (xa)6, (xya)2(xa)2(ya)2(xa)2
A[120, 2] A4s yax(ya)2(xa)3, (ya)10
A[126, 1] A4x y(ax)2(ay)3(ax)3, (xa)9
A[128, 1] A4s s(ax)2ayas−1y(ax)2, (ya)8
A[128, 2] A4s (xa)8, ya(xa)3ya(xa)3
A[128, 3] A4s (xa)8, y(ax)2(ya)2xay(ax)3
A[140, 1] C3 × A4 d(ax)2yaxaya(xa)3xy
A[160, 1] A4s (xa)6, (xs−1axayaya)2, s−1ay(ax)2(ay)4(ax)2ay
A[165, 1] A4x (xa)5
A[182, 1] A4s (xa)6, s−1a(xa)2(ya)2xas−1y(ax)2
A[182, 2] A4s ays2(ax)3s(ax)4, ysaxyax(ay)4(ax)2
A[204, 1] A4s (xa)8, ya(xa)2yaxayas−1yaxa, ys(ax)2(ya)3(xa)3
A[204, 2] S4 st(ax)8, (s(ax)2(ay)2)2
A[210, 1] S4 st(ax)6, ys(ax)2yaxa(ya)2xaya(xa)2
A[216, 1] A4s s(ax)2ayas−1y(ax)2, (xa)12
A[240, 1] A4s yax(ya)2(xa)3
A[240, 2] A4s (xya)2(xa)2(ya)2(xa)2
A[250, 1] A4s s(ax)2ayas−1y(ax)2, (ya)10
A[252, 1] A4x xya(xa)2(ya)3(xa)2
A[253, 1] S4 st(ax)6, (ya(xa)2)3
A[256, 1] A4s s(ax)2ayas−1y(ax)2, s−1ax(ay)4axas−1(ya)3xayxax
A[256, 2] A4s (xa)8, (xyaxayaxa)2
A[273, 1] A4x (xa)7, s−1ayaxays(ayax)2ayxax
A[285, 1] A4s (xa)9, ((ya)2xa)3, yax(ay)2sax(ay)3(ax)2
A[300, 1] A4s (xa)5, s−1ay(axay)7
A[320, 1] A4s (xa)6, (s−1ax(ay)2ax)2, (axay)5
A[320, 2] A4s s−1(ax)2aysay(ax)2ayaxy, s(axay)2ay(ax)4ay
A[330, 1] A4s s(ax)3say(ax)3ay
A[336, 1] A4s (xa)6, (yaxa)4
A[336, 2] A4s (xa)8, ((ya)2(xa)3)2
A[340, 1] A4s s−1(ax)3s(ax)4ay, xy(ay)3s(ay)4(xa)2
A[408, 1] A4s (xa)8, s−1(yaxa)2(xaya)2
A[408, 2] A4s s−1(ax)3s(ax)4ay, s(ay)5xa(ya)2xayxay
A[408, 3] A4s s−1(ax)2aysay(ax)2ayaxy, (s−1ax(ay)2ax)2
A[420, 1] A4s s(ax)4say(ax)4ay, saxy(ax)2(ay)4(ax)3y
A[432, 1] A4s s(ax)2ayas−1y(ax)2, (ya)12
A[432, 2] A4s ((ax)3ay)2, (xa)12
A[440, 1] 4-AT cexdte−1(at)2c(at)2eae−1(ta)2d−1e−1(ta)3, tdate(at)4ca(ta)4e−1(ta)2
A[468, 1] S4 st(ax)6, (yaxa)4
A[480, 1] A4s (xa)6, (yaxa)5, (ya)10, (ya(xa)2)4, ((ya)2(xa)2)3
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Table 2 (continued)
Γ A R
A[480, 2] A4s ((ya)2(xa)2)2, s−1(ax)4s(ax)3ay(ax)3ay, (axay)6
A[504, 1] A4x (yaxyaxa)3, ((ya)2(xa)3)2, ((ya)2xayaxa)2
A[506, 1] A4s s−1(ax)2aysay(ax)2ayaxy, ((ya)2xa)3
A[506, 2] A4s s(ax)3(ay)2xay(ax)3, sax(ay)3(ax)2yax(ay)2, s(ax)2ayax(ay)2(xa)2yaxay
A[506, 3] A4x (ya(xa)2)3, ((ya)2xa)3, (s(ax)4ay)2
A[506, 4] S4 st(ax)6, xyt(axay)3ay(xa)2(ya)2xa
A[512, 1] A4s s(ax)2ayas−1y(ax)2, (xa)16
A[512, 2] A4s (xa)8, (yaxa)4, (ya)8, (xya)2(xa)3(ya)2(xa)3
A[512, 3] A4s (ya(xa)3)2, s−1ax(ay)4axas−1(ya)3xayxax
A[512, 4] A4s (ya(xa)3)2, s−1axyax(ay)4axs−1ax(ay)3xax
A[512, 5] A4s (xya)2(xa)3(ya)2(xa)3, s(ax)2ays(ay)3(ax)2(ay)2
A[512, 6] A4x (ya(xa)3)2
together with (∗), suffice to define the group Gu as a finitely presented group on the set of generators
〈t, x, y, c, d, e〉. The remaining relations involving x, y, c, d, e and t given in Table 1 can be deduced
from the above. Finally, observe that the group Guv = 〈c, d, e, x, y〉 admits an outer automorphism a
of order 2 which maps c to c−1, and swaps d with e and x with y. By adjoining a to Guv we obtain the
group G{u,v}.
In the case of the amalgam 7-AT, the correspondence between the presentation in Table 1 and the
one in [27] is given by the substitution rules: h 7→ e0e−16 , p 7→ e3, q 7→ e4, r 7→ e2, s 7→ e5, t 7→ e1,
u 7→ e6, v 7→ da−1 , k 7→ d, a 7→ at . Again, the additional relations are there to make it easier to find
the presentation for the groups L, B, and R. (The author would like to thank Prof. Marston Conder for
offering this alternative presentation.) 
4. The list of 2-arc-transitive tetravalent graphs
Now that all the finite faithful 2-transitive amalgams of index (4, 2) are determined, we are in a
position to compile a list of all 2-arc-transitive tetravalent graphs with no more than a prescribed
number n of vertices. According to Lemmas 1 and 3, all we have to do is to find (for each amalgam
(L, B, R) fromTheorem4 and the corresponding universal groupsG) all normal subgroups ofG of index
atmost n|L|which intersect L and R trivially. For n small enough, this task can be carried out efficiently
using a recently developed adaptation of the low index subgroup procedure described in [5]. The list
of all simple connected 2-arc-transitive graphs with at most 512 vertices, given in Tables 2 and 3,
was obtained by use of Peter Dobcsányi’s implementation of this adaptation (available for downloads
at [8]). Isomorphisms between the graphs (and their further properties, such as the girth, diameter
etc.) were determined by use of Magma [1]. The calculations were carried out in April 2005, on a
cluster of PC compatible machines located at (and administered by) the Department of Mathematics,
University of Auckland.
Table 2 contains the list of all simple connected tetravalent 2-arc-transitive graphs Γ with at most
512 vertices. Each graph is given a name A[m, k], where m denotes the number of vertices and k
denotes its serial number (within the set of all such graphs with m vertices). The graphs are defined
in terms of the amalgams and completions, as described in Section 2.3. For example, suppose that
the defining amalgam of the graph (given in the second column) is A4x and that the set of relations
(given in the third column) is R = {(xa)4, (yaxa)2}. Let G◦ be the universal group of the amalgam
A = A4x, that is, G◦ = 〈x, y, s, a | x2, y2, s3, a2, [x, y], xs = y, ys = xy, sa = s−1〉, and let
L = 〈x, y, s〉 ∼= A4 and R = 〈s, a〉 ∼= S3 be the corresponding groups of the amalgam A. Let G be
the quotient of G◦ modulo the normal subgroup generated by R. (In this particular case, we obtain
G = 〈x, y, s, a | x2, y2, s3, a2, [x, y], xs = y, ys = xy, sa = s−1, (xa)4, (yaxa)2〉.) Then the graph Γ
determined by the pair (A,R) is the graph whose vertices are the cosets of L in G, the edges are the
cosets of R in G, and the incidence is given by non-empty intersection. (In this particular case, it can
be seen that the obtained graph Γ is isomorphic to the complete bipartite graph K4,4.)
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Table 3
A list of 2-arc-transitive graphs — further properties.
Γ |VΓ | |Guv | GΓv (v) g d Bip s Amalgam types
A[5, 1] 5 2 · 3 S4 3 1 No 2 A4s, S4
A[8, 1] 8 22 · 32 S4 4 2 Yes 3 A4s, A4x, S4 , C3 × A4 , C3 o S4 , C3 o S∗4 , S3 × S4
A[10, 1] 10 2 · 3 S4 4 3 Yes 2 A4s, A4x, S4
A[14, 1] 14 2 · 3 S4 4 3 Yes 2 S4
A[16, 1] 16 2 · 3 S4 4 4 Yes 2 A4s, A4x, S4
A[26, 1] 26 22 · 33 S4 6 3 Yes 4 4-AT
A[28, 1] 28 2 · 3 S4 6 4 Yes 2 A4s, A4x, S4
A[30, 1] 30 2 · 3 S4 6 4 Yes 2 A4s, A4x, S4
A[32, 1] 32 2 · 32 S4 6 4 Yes 3 A4s, A4x, S4 , C3 × A4 , C3 o S4
A[35, 1] 35 22 · 32 S4 6 3 No 3 C3 o S∗4 , S3 × S4
A[54, 1] 54 2 · 3 S4 6 5 Yes 2 A4s, A4x, S4
A[55, 1] 55 2 · 3 S4 5 4 No 2 A4x, S4
A[64, 1] 64 2 · 3 S4 6 6 Yes 2 A4s, A4x, S4
A[70, 1] 70 22 · 32 S4 6 7 Yes 3 C3 o S4 , C3 o S∗4 , S3 × S4
A[84, 1] 84 2 · 3 S4 6 6 Yes 2 A4s, A4x, S4
A[91, 1] 91 3 A4 6 5 No 2 A4s
A[91, 2] 91 2 · 3 S4 7 5 No 2 A4x, S4
A[110, 1] 110 2 · 3 S4 8 5 Yes 2 A4s, A4x, S4
A[120, 1] 120 2 · 3 S4 6 6 Yes 2 A4s, A4x, S4
A[120, 2] 120 3 A4 6 6 Yes 2 A4s
A[126, 1] 126 3 A4 8 5 No 2 A4x
A[128, 1] 128 2 · 3 S4 6 8 Yes 2 A4s, A4x, S4
A[128, 2] 128 22 · 32 S4 8 6 Yes 3 A4s, A4x, S4 , C3 × A4 , C3 o S4 , C3 o S∗4 , S3 × S4
A[128, 3] 128 2 · 3 S4 8 6 Yes 2 A4s, A4x, S4
A[140, 1] 140 22 · 32 S4 8 7 Yes 3 C3 × A4 , C3 o S4 , C3 o S∗4 , S3 × S4
A[160, 1] 160 2 · 3 S4 6 6 Yes 2 A4s, A4x, S4
A[165, 1] 165 2 · 3 S4 5 8 No 2 A4x, S4
A[182, 1] 182 3 A4 6 7 Yes 2 A4s
A[182, 2] 182 2 · 3 S4 8 7 Yes 2 A4s, A4x, S4
A[204, 1] 204 3 A4 8 6 No 2 A4s
A[204, 2] 204 2 · 3 S4 8 6 Yes 2 S4
A[210, 1] 210 2 · 3 S4 6 7 Yes 2 S4
A[216, 1] 216 2 · 3 S4 6 8 Yes 2 A4s, A4x, S4
A[240, 1] 240 3 A4 6 10 Yes 2 A4s
A[240, 2] 240 2 · 3 S4 8 7 Yes 2 A4s, A4x, S4
A[250, 1] 250 2 · 3 S4 6 9 Yes 2 A4s, A4x, S4
A[252, 1] 252 3 A4 8 9 Yes 2 A4x
A[253, 1] 253 2 · 3 S4 6 6 No 2 S4
A[256, 1] 256 2 · 3 S4 6 8 Yes 2 A4s, A4x, S4
A[256, 2] 256 2 · 3 S4 8 8 Yes 2 A4s, A4x, S4
A[273, 1] 273 2 · 3 S4 7 7 No 2 A4x, S4
A[285, 1] 285 2 · 3 S4 9 6 No 2 A4s, S4
A[300, 1] 300 2 · 3 S4 5 8 No 2 A4s, S4
A[320, 1] 320 2 · 3 S4 6 10 Yes 2 A4s, A4x, S4
A[320, 2] 320 3 A4 8 6 Yes 2 A4s
A[330, 1] 330 2 · 3 S4 8 9 Yes 2 A4s, A4x, S4
A[336, 1] 336 3 A4 6 7 Yes 2 A4s
A[336, 2] 336 2 · 3 S4 8 6 Yes 2 A4s, A4x, S4
A[340, 1] 340 3 A4 8 7 No 2 A4s
A[408, 1] 408 3 A4 8 9 Yes 2 A4s
A[408, 2] 408 3 A4 8 8 Yes 2 A4s
A[408, 3] 408 2 · 3 S4 8 8 Yes 2 A4s, A4x, S4
A[420, 1] 420 2 · 32 S4 10 8 Yes 3 A4s, A4x, S4 , C3 × A4 , C3 o S4
A[432, 1] 432 2 · 3 S4 6 12 Yes 2 A4s, A4x, S4
A[432, 2] 432 3 A4 8 8 Yes 2 A4s
A[440, 1] 440 22 · 33 S4 10 6 Yes 4 4-AT
A[468, 1] 468 2 · 3 S4 6 9 Yes 2 S4
A[480, 1] 480 2 · 3 S4 6 8 Yes 2 A4s, A4x, S4
A[480, 2] 480 2 · 3 S4 8 8 Yes 2 A4s, A4x, S4
A[504, 1] 504 3 A4 9 8 No 2 A4x
P. Potočnik / European Journal of Combinatorics 30 (2009) 1323–1336 1335
Table 3 (continued)
Γ |VΓ | |Guv | GΓv (v) g d Bip s Amalgam types
A[506, 1] 506 3 A4 8 7 No 2 A4s
A[506, 2] 506 2 · 3 S4 9 7 No 2 A4s, S4
A[506, 3] 506 2 · 3 S4 9 7 No 2 A4x, S4
A[506, 4] 506 2 · 3 S4 6 9 Yes 2 S4
A[512, 1] 512 2 · 3 S4 6 12 Yes 2 A4s, A4x, S4
A[512, 2] 512 2 · 3 S4 8 8 Yes 2 A4s, A4x, S4
A[512, 3] 512 2 · 3 S4 8 8 Yes 2 A4s, A4x, S4
A[512, 4] 512 2 · 3 S4 8 8 Yes 2 A4s, A4x, S4
A[512, 5] 512 2 · 32 S4 10 8 Yes 3 A4s, A4x, S4 , C3 × A4 , C3 o S4
A[512, 6] 512 3 A4 8 8 Yes 2 A4x
In Table 3, some further graph-theoretical properties of the graphs from Table 2 are given. For each
graph Γ with the automorphism group G = Aut(Γ ), the size of its vertex-set |VΓ |, the size of the
arc-stabiliser Guv , and the permutation group GΓ (v)v induced by the vertex-stabiliser Gv acting on the
neighbourhood of v, are listed in columns 2, 3, and 4, respectively. Furthermore, the girth (the length of
a smallest cycle) and the diameter are given in columns 5 and 6. In column 7, we determine whether
the graph is bipartite or not, and in column 8, we give the largest value of s for which Γ is s-arc-
transitive. Finally, in the last column, we list the amalgam types of all the 2-arc-transitive subgroups
of Aut(Γ ).
Note that the six smallest graphs in the list are the complete graph A[5, 1] ∼= K5, the complete
bipartite graph A[8, 1] ∼= K4,4, the complete bipartite graph minus a matching A[10, 1] ∼= K5,5 − 5K2,
the bipartite complement of the Heawood graph A[14, 1] (i.e. the non-incidence graph of the Fano
plane), the four-cube A[16, 1] ∼= Q4, and the incidence graph of the projective plane PG(2, 3), A[26, 1].
TheMagma code which generates the sequence A[m, k] of graphs from Table 2, as well as the file
of their edge-sets, can be found at [21].
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